


































































Eementdecoldretrial
Module

Gonsideram E spatialconstruit in teoriaaxiomatica
a lie DavidHilbert 1862 1943 formatdin 20deaxiome
grupate in 5grape
In continuare room construe a multime V3core are
a structura algebrica si onume Iseste un spokenvectorial
3 dimensional sisubspatiile role VasiV1 de dim 2

respective 1

Observe PeEs nu over definito astructuraalgebrica
nu putern adunapunct adica elemente all lui Es dar
vom putea aduna vectorilibere adicaelemente deluits
Spatial esteLoarte utilitat in Finicaoaracolo

notiunile sentpresentate mai mult la novelintuitive
Aici nom defini in modrigurosnotiunea.devector

liber ca o omumito closade echivalentositoate

operatile in vectori liberi
en 1





































































De asemenea I estefoate utilsi in studiallines
doance resultatele closice dimgeometria sintelia sepot
redemonstra mai ropedcuajuto.nlvectoritor

Fee A si B dowapunite dinEs Vomnote onEAB
segmental olet.deAsiB ior.cn ABsegmental
orientat det.deAsiB

BB

In
A IA
Seg ABputern so mi l imaginam ca o multime
statica ohpunateprivite in onsamblul ie pecand

seg orientatATputern so mi l imaginam ca
traiectoria

unei pernetmobilepoineste din A siajeinge in B

lel ramanand tottimpulpeds AB
Data A B atunci AT sin segmentsorientotnull
Un seg orientat nuleste moi deficilderepresentat
pt.ca et me treberie conferndotwe un panet
DacaABeste un seg orientat atpunctulA
sin Offner ios punctual Bsn Emitter
son varfulsegmentalui orientat
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Define Spanem a 2seg
orientate ABsics

coincid some suntegale data A Csi B D

Observe Designs data A B at AB BA
in seg AB ti corespend dota segorientateAB si
BA
Multimea seg orientate a vom notorae's

Observe Inlocshesegmenteorientate sispatialE
am putea consideraperechiordonatedepuncte AB
Bimultimea EXE adicaprodusalcortexion al lui
Es ca el insusi Dor perechea AB esteun obtect
abstract core nu poate Lidesenot Avantajulfolosive
lui E Es est caputem considera faraprobleme
perechile ok forma AA core corespundlineAA

Definite FeeABunseg orientataA B Dr AB
a triceprin ale dowapunate sin droptasupport
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Observe Pt seg ovintat nut AAOrsuport nu
este definitis

Definite Spurum a 2 seg
orientateone accost

detie data dreptele lot suportsuntparotele
sale coincide soul until esteseg.nl

Definite Dona seg ouintate core on acceogidirectie
s m coleae In car control eles.m neolite

Definite Dona seg.ovintateenaceeozidirect.ie spumm
ca are acelosi sens data se regoses in una din
urmeoretuo.li

a sunt mule
5 ok suportsuntdistincte si extremitatile

seg orientate sunt in acelosi semiplon det
de dreopta.eeuneste originile lot

find
Fft ff F.TT

acclogisons
Cp y

senscontrol





































































c dreptele suportcoincidsi existsunseg
oaintat on dreopta suportparoleloi a dreptele
support initiate sicore are salogsens cuseg
orientate initiate

i

F F.IN
i n

7 march
MNSAB ABACT transitivitate
MT AED
s acelosi sens

Defer FeiAB si CD data seg orientate Sp.ca
AB si CT an acceogi marime module lungime daca
distanta dearest Tottonto de la
Cla Δ

Notom HABI 11cal some IAB IEA
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Define Doua seq orientate AB sics sm

echipolent do as si Bc on acelosi imploc
Not LET

Observotie

1 dlijloculseg.CAA esteconsiderotpunctulA
2 DacadrepteleAB.siCD sent distincte atuniceABNCI dm d

ABACparolelogrom oolicaABICD ABsicson acengidirectie
BsiΔ sent in acelogisemiplondet.deAC

D AB sict an acclagisons
i

of
cast CA AB sics on acceogimbrime

A B

3 ABNED si A B C D

ABNCI AS si BC on acelosimijloc MC BD I BC an aalogi
A B mijlocM

A C

A B m j
seg.ouintatnulesteinrel.dechip

Gotparticular AT BB A B EEA door cuseg.ouint.atmul
4 A B C SEE colinione distinct at ABNCD AS CA

adica ABsiEs ar accuselungime Absi CA on in comun

o semiotropto odicaABsics on acelosi sens si ABSica ou
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accosidirectiept.ca an acrogidropto suport

A m e

A c mis j

c a'm's
5 ABNED ATNBD
ATNCD AS si BR on acelosimijloc AS si CB on aclosing

AT BD

Teorema Fie O un punct fix at din Es siASEEs Atexists
in unic punctME E at ABNOT
Demonstrolie

Existenta illDacaA B M 0

2 Fie AFB
a Daca 0 AB pain 0 ducem aparoleta If
la ok AB pe core fixom un punctM

a.I AB OM BIB SIM so fie in acelosi i

g
semiplondeterminatokdroptaOA A
Atunciestedor ca OABMesteparolelogrom si deciOM N AB
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b Daca OeAB consideramNmijloculseg.COB si Msimetrical

lui ATortade N AN NM nmijloculseg.AM
AM Bi BO an acelosimijlue AT OT

8 in is in
Unicitatea Pp.ca M M eEs M M at ABNOM si ABNOT

ABNOT AMISI BO anacelogimijloc.AZOM AMDsi BO an acelosimijloch

AM si AM an acelosomijloe AANMTM M 1

Tama Related deechipolen.to n est o relatiede echinalenti
pemultimeasegorientate reflexive simetrica transitiva

1 Reflexivitation ABNAB
2 Simetria ABNED EDNAB

3 Transitivitatea AB NCI si ESNEF ABNEF

Definite 5 n vector libero.closoideechovolent.in report
a relationdeahipol.int olef.pemultimeaseg orientate
He obice vom notor un vector likesABCI

etc som cu it w̅ w̅ etc Decioh exempler

AB CTEES CINAB
Evident AB dooriceABNABadicaABEAB ca p





































































Oriceseg.onintatcTEABs.m.repterelntalveet.ATsi E AB

Ansomblul tuturor vect loberiABponte Li
gandit ca a multime numitomultimea factor
at a lui E in report an n sinotationV3
iar un vector liber va Liprivit ca un elemental
austeimultimi
Evident AA BB AB EEs ios AA on

redoul al Aven un unic vector nul doro
infinitate de seg orientatemule not im AAJ
AT BBEE BBNAA

Devi
AB A BEE Eln E

Notom
V2 AT A BET I 1plan

Y AT1 ABed I ddropto
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Definite Fee ABEV18 Droptor AB
impreunautoatedrepteleprolele.chABformestadisavowedliberty
Definite FieABEG Numim lungimeanorma sectAslungimea
neg AB

Not HAB11 1AM AB

Definitie Spinum a doirectoriABsicsanalogi sons sens
controrolocia ABsits on acelosi sens senscontrol

Observotie Definitiile de moi sus an corster geometric adico
medepend de representantalales

2 Unvectoreste unic determinatde directionsensud

si marimea sa

3 Vectoralnut 5estesinguralvectorde lungime 0 conven
iasectoral null are aerogidirectiesialogi sens on oricevector
liter

Definite Doisom moimultivectormerulise numex colonial
son pay old oneaccosidiadee
Notom tellx ̅

Definite Doi som moimultivectori liberi
menuliscentegalidaca sentcoliniari on acclog
sens si all acerozimarine
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Definite treesom moimultivectoriminutes n
copanoridata exists un plan a 0 dreptele
determinate.de representation for sofie
parable in austplan
De asemenea mai spurun caABeste

perpendicular sameparolel an un plan 1 daca
TITI som respectiveAB11H som ABC IT

Observotic

1 it Vern ie sire sunt coliman

I a re weV2 it w̅ w̅ suntcoplanar

Propae Fie OEE fixat site Us Atexisto
ununicpunct.MEE 01 OT et Spunemia am

oplicdvect.in in punctual 0 si rect orteste

vectaoeed pandidim.mnnotion0M
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Opole in vector beri

Pemultimia room definidowaoperate
adun area vectoritor i inmultireadintre un
scolar si un vector

Fie w̅ TeeV3 Doin so definim it x ̅
Pentru accosta Lie it AB si re Fc Definim

it x ̅ AI regular trighiuhi
savagdalcibles

Def are coracter geometric

If T.EE BET ABIBE AB BE
AT AI
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e Room ia AE AE age
ñ AB ATB ABNABE ATNBB
w̅ BEBE BinBE BB

need
iii Iii ii.it iifiiis

Adenoma a doivectori sepoatedefinision ajutoral
regularpageant in mostulurmator
Lie it AB w̅ AI consideramNectorie onacrozi

origine si definim IEA unde De E a 1

ABCD parolelogrom

Cy ID
w̅ at

A ñ 35

T A Aratate a def are coractergeometric
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Iorema V3 t estegrup abelian

Demonstrate

G1 Asociativetatea it It w̅ litre to
Fie 0AB CEE at AsOF w̅ AB w̅ BE
it 7 w̅ 07AB BE OB BE 08
at w̅ of AB BE of AE

2 ed

Ag
w̅ Ew w̅

itw̅ SoB
O

ñtvtw̅
and

w̅

62 Elumneutra ViteV3 FéeV3 a i It 0 It ñ w̅

FieABEE a M AB I AA BB

InFIin F3a.e.d

63 Elemopers simetrisabil ñeU tieebay.at it s ittiJFieABEEza1 MA3 consideramvect it BA

iet ie AB BA AA 5

At it BA AB BB
2 e d
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4 Gomutativitatea ilvEVs ñgv xt̅ñ

Fir ABCEEzat.ie AB w̅ BE
ñtre ABtBC AC
tu Betas

Fei DEE at re AI ABCD parolelogram
itDE.Deciretit AI DC AC Prinurmore.atre ath

Propositic Pentruorice2vectoriit.EU oven little ieltta egalitate
avand locd.n.d.usiresuntcoliniari.sianaceleogisons

Demonstrable FeeAB.CEEza.i.ie B rt BE utI AE

1CTpotexaMAB
ñ BC AT a

GondurieiMtx AC

Pp.ca III Atunci A ñ B
A BCformeoroundsisegtiecalungimeaun.ci'loturiaunuidestemai
mica decatsumalungimilorcelortalte2loturi.Decilittvtclitktol
Pp.caieIre.Atunciipunctele.A
B.Csuntcoliniare.Putemconsideramaideporte2cosure

visit anacelosi sens

go
w̅ Este closa tilt relatietal
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tesirtausensuriopuseqttetg.se

I
3g

titre AC ietie.AE
µ
Italia Hakibel

Intracranial
titre kluttal

Propositie Pt.oricenectoriiertebowemllut trillslii.ro egalitate
wand locd.n.d.itgresuntcoliniarisi.desensopes
Demonstrate IA

Observotie Existentavectoruluiopusnepermitesodefin.im

diferentaadoivectoriinmodulurmator.ie
w̅ Tet Te

IT AT 7

w̅ w̅

a

Observlie VAB CEE ABCB.CA
e1 e6





































































Fie meV3si at R Down sodefinim II Pt acosta nom
time contcaun vector nevileste unic determinatde directie
sens ymarime

Definim
g data as a sale to

am

rt daca a a si it to undert are
accosidirectie cat x ̅ are acelosi sensate
doca as o si sens opus luire data aco
lungimea lui te este tuk lat.tt1

Gele 2 definitept si seaplico si in coralline
VesiV
Touma Us este un spadin nectorialreal

Demonstrate Amvaroutoleja ca estegrupabelian
Sepootedemonstrasifaptul.ca term prop suntsatisficuli
1 a TeV aeR a tune at art

2 MeV3 Ha be R a b it a bite
3 ieV3 a be R a b in are b it

4 MEV3 1 it it 1 ie

reste identitatea lui R in reporton inmultirea
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observate
1 sedem.ca Vn t si V2 t suntsp.nectoriolereole
2 Daca it reEUat.it 1re d.m.d.FaeRat.te a.re

3 Daca timeV3 at.ie the sitter dm.d.ie I
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subpate line in UI
Defintee Fie Vt un K sp.nect.se Vis V V1 At
Korea straddled lui Vit
data restrickle operatiilor si la V1determint

pe accostamultime a structura dek sprectorial

Teound Y estesubsp rect allui Van d
i Fa Te V1 At TeeV1
ii ñeVn fat K añE V1

Not In G
Feidodrop din Es si TI un plan dinEz
Definite Spurum a iteVsesteparoled aoheoptadsinotom.itIld doca to 5 some PQE E at it PQsi PQ Id
Definite spunemcaitevsesteparoleleuplo.nl ITsi
notam tell IT doca it so son PQE E at M PQ si
PQ III sau PQ CIT

AB A Bed
Suers and

AB A BE IT
SMEE A IT
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Propositie Fie do dropts din Es si Tun plan din E3
And

guts Us sentsubspatiinect

Demonstrate

1 5net
PentrndemonstrotieromLolositeoama amintitomai

sees deci nom anata

A ñ ñe At Je
B Me toe R a ñe

Demonstrom A

Fie O A BEU at ñ OF w̅ ABAtunciscu.mu red
ret.ca OA dzi AB Idreaulta cot 0A11AB SOM OA A B
bumcele2drepteau in comun punctual A rex I OA AB Decipunetele
0 ABsuntcolimine.siprinuimaeoblld.gs titre
Dar ñ ñ 05
DemonstromB
Fei O ABEE ai it OFsi añ OB fumite ret.ca
All d Pe the altoportestem co it 11 am adica0AMOB

Deci OB Ild adica OBET

2 w̅Guts I A C1 20





































































Defeatism spatialvectorialdirectorpt.fr I
somowopt doidoicousp.lu d

I am spatialvectorialdirectorpt.planut.IT
someplanul retail coup luit

Obscote 1 Doi som mai multivotowloberidin
Is sentcolinian dacaapartinachozidepte
rectoriole

2 Trii sau maimultivector liberi
olinUs sunt coplomori door apartin aceluiagi

plan rectorial
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Schimbaridebate intr un spatinvectorial
Limitdimensional

Definitis Un sister devectori it is ten distr un

spate vectorialX sin linear independent
doca.oricorearTeocombinatieliniaraatmt.itantino on a ER
is in atunci d a an 0

Dfe Unsister devectori ten42 in olintr un

spatiuvectorial4 am bar dependent dacoiexists o
combinate liniara die Quit antino a salorie

a ER i m nu totemuli a'flak flankso

Dfe Un sister devectori S re numyte bond a unni
spatin vectorial V dacaSesteun sister devector
linion independents si Sente un sistemohgenerotori
adicafricore vector din V se some ca o combinatie
liniara devectors din V

Definite Senumeste Immune a unit spvectorial
numbrulde rectori dints o barro a spatului respective
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Propositie DacaUneste un spattervectorial n dimensional.si
Set em est o bata in Un atunci re Un x ER isim

at w̅ Ernie
Demonstrate Existenta neesteasigurotadefaptulcaleili.im
estesistemdegeneratori

Unicitatea Pp.ca x y e R istim a

t.msxiei Eyiei.Atunci Elxiyi ei o fam
Ei is.im l indep ret.ca x y's 0 istimes a y fishing

Observatee Pertom rescrie rt E.it si sub formomatuceola

if

Fame The Mmx a

MBCo matriceasociato luire in roporta box B
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In continucone rem so resolvam um probleme
Probema

bonsideram B Er In a borodin Un si S it Ui
un sist formatdin K vectoridin Un Kem so determinam
catsvectoriden 5 scentlinear independent

Pentru a resolva accostaproblems nom considera urn etape
1 Exprimamvectoriidin 5 in reportcurectorii din bara B

this B MB it unde B Er _EmEdlin Rm

ñj je Molay s f Mmx R j ni

Sj
2 bonsiderammatriceaobtinutadin coordonatele Sj de
moi sus adicaformatodincoordonatilevectoritor injinreport
in bara B puse pe coloone

MBs Molten MB it MBlitz

s n sd I
MB.si 5 5 Mmxk R BMS

si si I C1 24





































































3 Secalculaterangul lui MBs ion ronguloblenut va Li
numaruldevectori liniari independenti din S

Moiph effing aka ÉtatEsjéi
EyElsatei a Eti

bond

4s'jat 0 i tm

p fill

5mn 52 5km Kx I
met

MBs A 0 unde A E Max R 0s eMmxlR

Obs Vectorii mi sant l indep sistemulomogenMBg A 0

aredoorsolutia triviala ie
a 0 i tk

2 RangulmatricieMBs representa dimensiuntaspateilui

generotde vectori ñib adica represents numarulvectoriler

liniarinolep.dinsist.de vector ñi
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Observatie Daca K m atunci Seste o bono in Un dm ddetMB540
adicaMBs are rong maxim adica MBs este inversabila

Problems

Gonsideram Bi E Em B2 K __ km siBz g In
treebasedin Vm Yum si demonstramco

MBn.bz MBB MBB3
A

Notom MBB Oj i j tm MBBE bij ij.im's Map Grij.in
In auste notateobtinem

g Era'jéi j tm

Ke Ei biti l m

95Effke j in

8 E f E.be E E.si c
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Pede allapartenoiavemsigj af.li ion cum serierea
unui vector intr o botoeste unica obtinem ea

Indicedelime indejede linie

a j hi 1 t
1m MBBS MbeBa MBaB3

Injcoloons

B
Mbb

By
MBB3

By

MBe.bz MBB2MBBS

05
19 0 Bg Br obtinen

MBB MB.bz'MBuba MBz.BE MBBaf
In

MBaB2
B2Bi

Map Mbiba

2 Formal putern scrie siin modelunmator

Notom Br E E in

Bz fi Fa fm
Bs g g gn
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Atunci BAMBIBs

Bs bg Be B1 MBabiMbeBs

Be MbeBz MBzB Be MbeB
B Sorta

MB B MBa33 MB1 B3

Definite Fei Bgi B doea bateolin Vn SpunemiaBsiB
sunt la fel orientate si not B B doia setMB B 0 si

spunum a Bsi B sentcontroloveritate go not Bo B
doca bet MB zico
Observatie Seporte arata a rel o est a rel.deechinolent

pemultimea batelor din Un si moi mult eapermiteimportereo
acestermultimi in 2 closedisjuncte nevide.cnproprietatea co
boneden accuse closa sunt la fl orientate ion baseolin
closeAferite suntcontrol orientate

Oocientorea lui Un constain alegereauncia dinale
a close ca findclosa baselororientate positive

Yn imprewna u o orientane a sa se numezte spatin
vectorial n dim orientat

Schimbaredintre dota base la fel orientate s.m.de
specia I some rotatie in diritre a bare controlorientate s m
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ok specia at a

Problems

Formulaachimbiriede coordonate la schimbareadebate

Fei B si B dowa basedin Un si s MB B matricia
schimboriedebasede la Bila Bu
esteformati din coordonatelevectoritorHimbara B in report
onvectoriedimbotaBi Fie ne Un un vector are core
Dorm so gasim a legaturaintre coorstonatelevectorului it

in roport u B pi coordonatele lair in roportyBe
B 9 em B Fifa __ In

Fj Ésjéi j im 5 MBe.BE Sig i join
x Yte R is in join a I

a Exie
La
Este

it y E Y sj.ci EEjyisijeiScriereaunui

vector intr o baraeste unica sites
i

n ti
C1 2291





































































dar si it is E results co

x
48s'j Vision

Notom Atunci oven

X 5 Y 4 5 X

formulas himbarie de coordonate

matrica colooma formats din coordonated rectorulis
in report on rechea bad

7 matrica colooma formats din coordonated rectorului
in report on nona bad
S MB BE matricia

schimbarie debose de la
rechea bono B la nona bara B2
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Problems
Determinareadimensiunie go.vect.alvect.liben.tt

Propoitie.Doivectorisuntdiniariol.n.clsuntlinior dependent
Deny Pp.ca ñ ñe it 0 tello
Glimca ultre aeran ñ av it are 0 a ñ limon

a 0 a 0 dependent

Pp.ca it Jets it Ñ T it re edependents
FABER α apr 5 si 2482 0

Pp.ca 2 0 Rex.ca T B it Deci it w̅

Observole1dim V1 Vn ñeU mild donopta
2 Doivectorineolinari suntl independente
3 dimV232 doinV32

Propxlee.Treivectoriliberisantcoplonarid.n.cl
sunt linear dependents
Def Fei it re treeV3 si 0AB CEE 00

OA w̅ OB's x ̅ OC w̅

Pp.cain.vivsuntcoplonari.Rexiadreptleoa B.siOCscent

in
acelosiplonpecoreilromnotait.FI
A'eOAgiC'EOC a 1 OB OA OCT BumA'EOA
OA a OI aerbicum C'eoc OCT b0C C1 31





































































Prin unmare OB a boc
w̅ at bite

c
au re but 0 ñ it w̅ l dependents

ate

Fii a x ̅ toeUs ñ re w̅ x ̅ a x ̅ in edependent

a b c ER 0454.0 1 90

ant bistent 5

Pp 040 Ret.ca it w̅ w̅

Fie Er w̅ V2 cum Vest sp rect real
ret.ca ñ G to E V2 the V2

Prin armore it V w̅YeV2 it T.to coplanar
Observolii 1 dim12 2 V2 teeUs tell IT I peon

2 Treivector necophonari sunt l independente
3 HimV3 3

C1 32





































































hopotei.Potmveetoriliberidi.nu sunt liniorokpendents
Des Fee ñ v w̅ZEU3si 0 AB CDEE.ae
in OF 0 08 w̅ OC 2 08

w̅
P

I.it

rifiiiiiiiin
Gonsideram pototelepipedalOAMBCNDP a 1

40
907 ato

OE 502 6 0

OD diagonalaparollipipedului

Avem OD om'tMD OAT OB
an w̅ but

at to bate I 5

ñ ñ w̅ Z e dependent
Observate polimV3 3

2 ObotodinUsesteformatodim 3vectorinecophonari

iarobatadinvesteformataolinzved.necoliniori.ci 33





































































1

3 Princonventie dim 8 0

4 Se poatedemonstra si cu ojutouldefiniteuneibase

w̅ 3rect necophonariformlora a bara in Kriz rectnecol
fermions a bora in V2dor me vom mai presentaaudits
metasta nici

Definite Fie it reV10doivectorimemili Fei 0Agi Be E a i

ñ OF sire OB S m unghuildintre vectorie a girt unghial
neorientat AOBe 0,1

M w̅ w̅ A GAOB

a a
57

Osmotic aDef are coracter geometric
2 Daca it TEN 0 tellin 4 it w̅ e 0,1T

Definite Doivectori it ie Us of sin perpendiculari ortagonali
data MN

Not I I w̅
Observote Princonventie I 1 it I 11A ñeUs
Definite Unvector ie Us sin unitor doca tube
Definitespunemia a bass B E E E dintesteortogonato daco
esteobatacuprop.ca e testes
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Defatespunem ia o bats B E E E dintesteoctonormotodaco
este a bad ortagonala si lekled test1
Enter De obicei vectorie ohm bouta ortonoomatidinUse

meteora an t j I
2 In V2 a badeste positive obeasenseddeparangere

de la primalsector la aldoihavector respects sense
trigonometric E

e
3 In V3 a Sortoeste positive doca vectorie din bad

respectsregula burghiului.es
8
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Problems I
Formulaachimboniede or donate la schimbareadeepercontexiene

inE3

Definite Fie OEE si en E E a boxdinUs Gonfiguratia
I O entries s m repercortexion allies
0s m originea reperului

Defate Fie R 0 E E E in repercosterion al lui Es si
ME Es Numim coordonatilepunctului Min report on
repevelR coordonatile vectorului or in reporton bota
seizes dinUs

Fie R 0 eneses si R O ei ei es downrepere din E
Fie ME E Down so gosion legatura distrecoordonatele

lui M in report in R coordondele lui M in report on Rr
4

Not S M
B B SE i j is

unde Be E E E Bz e e e
EisEntity Vitis

X coordonatele luiM in reporton R
coordonatele lui or in reporta B

4 ly coordonatele luiM in reporton R2
coordonatele lui o'T in reportcu B2
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so coordonatile lui o in reporton R
coordonatele lui in report a B

OR a e tri estates Erie
Fo t OM
sdes stet sees y es y ez t y es

Easiest Eggs Eg

sieit sie

Els Elis
a sit gj

41 i 13

Hittite

X Sot 5 X formula schimbarie de coordonate

obtinutila schumbareaohrepere
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